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SUMMARY 


By the use of the parabolic coordinate a general formula is derived 
for ionization of the hydrogen atom by electron collision when the atom 
is in any given initial state. Using this formula the total ionization cross 
section and the ionization cross section per unit energy range of the 
ejected electrons for all substates of the hydrogen atom belonging to the 
principal quantum numbers n = 1, 2, 3, 4, 5 are tabulated. In addition 
the ionization cross section of one substate from each of the principal 
quantum numbers n = 6 , 7, 8, 9, 10 are tabulated. These tables cover 
the range of energies of interest in the plasma calculations. The approx- 
imation used is the Born approximation in which the bombarding electron 
before and after collision is described by a plane wave, and the ejected 
electron by a Coulomb wave function, 
the ground state of the atom is given. 


parison with experiment for 





I. INTRODUCTION 


Apart from purely theoretical interest, ionization is one of the main 
atomic processes in the stellar atmosphere. This process occurs also 
in gas discharges and in plasma. Of the two competing forms of ioniza- 
tion, photoionization and electron impact ionization, the photoionization 
cross section of any excited state of hydrogen is known with good ac- 
curacy; this, however, is not true of the electron impact ionization. It 
is then desirable to know the electron impact ionization when atoms are 
in highly excited states. Because of practical difficulties in the meas- 
urement of the ionization cross section of excited states, the corres- 
ponding calculation becomes more important. 

We review briefly the developments of the theoretical and experi- 
mental works on this particular form of ionization. The classical value 
of the ionization cross section with the atom in any initial state has 
been calculated by J. J. Thomson 1 (1912). Massey and Mohr2 (1933) 
have calculated, within the Born approximation, the ground state 
ionization of the hydrogen atom. Burhop3 (1940), extending the same 
technique, formulated the ionization from substates of the first excited 
state without giving any numerical results for the case of hydrogen. 

B. Yavorsky 4 (1945) has given the ionization of all S states of hydrogen 
in a general way, in the form of a triple sum and triple integrations. 

The results for 2S and 3S states are shown in this paper graphically. 
Mandl 5 (1952), rederiving the equations of Bur hop, has given the results 
of ionization from the 2P, M = ±1 states, again in graphical form. Later 
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on Swan 6 (1955), taking the equations of Burhop, has carried out the 
numerical integrations which are tabulated for the 2S, 2P , M = 0, ±1 
states. Aside from a factor of 2, it will be shown later that his results 
seem not too accurate. 

Outside of the Born approximation, Geltman 7 (1956) has considered 
the effect of the Coulomb field of the nucleus on the incident electron, 
an effect which is neglected in the Born approximation. This effect is 
obviously important at the threshold of ionization. He finds a law in 
which the cross section near threshold is proportional to the excess 
energy of the ionizing electron. 

At this time the first measurement of the ionization of hydrogen 
became available. Fite and Brackmann 8 (1958) achieved this measure- 
ment and, without much surprise, showed that the measurement agrees 
with the Born approximation beyond 100 ev. This measurement was 
followed by those of Boyd and Boksenberg 9 (1959), and Rothe et al. 10 
(1962). 

The other theoretical works of interest include the inclusion of 
exchange in ionization by Peterkop 11 (1961), the ionization by the im- 
pulse approximation by Akerib and Borowitz 12 (1961), the ionizationby 
close coupling approximation by Taylor and Burke '3 (1963), and the 

threshold law for ionizing collisions by Rudge and Seaton 14 (1964). 

Returning to the Born approximation, this approximation consists 
in representing the ionizing electron in the quantum mechanical calcu- 
lations by a plane wave, the bound electron by a hydrogenic wave 
function, and the ejected electron by a Coulomb wave function. Physically, 
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this is to say that, when the ionization takes place, the ionizing elec- 
tron is far from the nucleus, so that only one electron is in the field of 
the nucleus. The approximation also consists of the exclusion of two 
less important effects: the exchange of the two electrons, and the effect 
of the polarization of the atom on the incident electron. 

Application of the hydrogenic wave function in parabolic coordinates 
in the expression for the ionization amplitude facilitates its evaluation. 
This is because the final state in this expression, which is the eigen 
function of the ejected electron, is easily expressed in parabolic co- 
ordinates. In this paper generating function in parabolic coordinates 
is used to express in closed form the ionization amplitude involving 
an arbitrary initial state. 

With the nucleus fixed, the total ionization cross section involves 
twelve integrals: six integrals over the spatial coordinates of the two 

electrons, and the next six over the momentum coordinates of the two 
electrons. For a given incident electron energy, the conservation of 
energy eliminates one integral . 15 Of the remaining eleven integrations, 
nine are carried out analytically, and two integrations — integrations 
with respect to the magnitudes of the momentum transfer of the incident 
electron, and the momentum of the ejected electron — are carried out 
numerically by a computer. 

In the calculation that follows the cross section for a given n and 
a particular bound electron orbital angular momentum l is not available 
anymore, although this can be obtained by a unitary transformation of 
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the ionization amplitude before the integration is carried out to find 
the total cross section. 


4 


II. FORMULATION 


Born Amplitude for Ionization and Excitation 
Consider a system of an electron and a hydrogen atom in an arbi- 
trary state. Collision of the electron with the atom may result in the 
excitation of the atom into a different state, or its ionization. Let k 0 
represent the propagation vector of the electron before collision, and 
kj the same vector after collision; the equation for conservation of 
energy will be 


ti 2 k Q 2 "h 2 k j 2 

E = E o + 2m = E l + 2m 


( 1 ) 


where E 0 and Ej are the energies of the ioslated atom before and after 
collision, and E is the total energy of the system. The Born excitation 
or ionization amplitude can then be written 16 ’ 17 > 18 


1 ^i) 



- r i]^r ( r 2)(^ 



X d 3 rj d 3 r 2 (2) 


In this equation 6 1 , <p t are the polar angles of kj with respect to k 0 as 
the z-axis, m and e are the electronic mass and charge, Z the charge 
number of the nucleus, rj and r 2 the position vectors of the incident 
and the atomic electrons, i p i (r 2 ^ and \p f (r 2 'j the initial and the final 
eigenfunctions of the atom, and r t and r 12 the distances of the incident 
electron from the nucleus and the atomic electron, respectively. The 
probability that an incident electron, after causing the transition 
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specified by 'p i and i p { , be scattered within a range of solid angles co^ 
to co x + d co x is given by 

I pr^i) dy i = k7 \ f ( 9 i’ ^i) | 2dcJ i > (3) 

where l(£ x , is the differential cross section. It is convenient to 
introduce the momentum transfer vector K through 

K = k 0 - k x . (4) 

Squaring and taking the differential with respect to 6 X of this equation 
gives 


KdK - k Q kj sin 9^ d6 x 


d cl> 1 

k o k i ~ 2 , 7 


(5) 


the last equality follows from the axial symmetry of the problem. When 
equation (2) is substituted in equation (3) and note is taken of equation (5), 
the orthogonality of \p. and \p f9 and the relation 16 


“exp [i K • r J 


4 TT 


12 


d3r i = exp [i K • r 2 ] , 


( 6 ) 


we obtain 


8tt . , 0 dK 

I(K) dK = -y-j |V(K)| 2 -j 

a o K o ^ 


(7) 


V(k) = Jexp [iKz] 0. (r)^*(r)d 3 r 


(8) 
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A, 


In the above expression a 0 is the Bohr radius, and the direction of the 
polar axis in the integral for V(K) is along K ; while for the definition 
of f (©j, <p j) the polar axis was taken along k Q . 

The total cross section for excitation is obtained by integrating the 
above expression over all possible values of K: 


Qe 


877 

a 2 k 2 
a o K o 


r k 0 +k l 
K 0 K 1 


I V(K)| 


dK 

K 3 


(9) 


where the limits of integration are fixed by equation (4). In the case of 
ionization, in contrast to excitation, the ejected electron may occupy 
in the continuum any of the infinitely many energetically permissible 
states; while in the case of excitation the bound electron occupies a 
single final state. The cross section for ionization is obtained by in- 
tegrating over all final states in addition to integration overK. If k is 
the propagation vector of the ejected electron with polar coordinates 
k, & k , 4> k in a coordinate system whose z axis is along K, the ionization 
amplitude becomes a function of k also. The cross section is then given 
by 




8rr 

a 2 k 2 
a o K o 


| |V(k, K) | 2 


d 3 k dK 
K 3 


k„_ +1 2 tt k 0 +k, 

M L l _ ~ 


K)| 2 


k 2 dk dx dp. dK 


( 10 ) 


o -to 


k o" k l 
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when we have written 


cos 9 ^ - x 


(id 


Let n be the principal quantum number of the atom before ionization; 

Z 2 e 2 Vk 2 

substitution of E Q = 2 * — in equation (1) gives 

2a 0 n 


k** + kj 


2 :: 


k 2 - 
K o 


a 0 2 n 2 


( 12 ) 


k 2 - 
K o 


2 2 
*0 n 


(13) 


Use of the Generating Functions 
To evaluate V, we have to specify the initial and the final states. 
For the initial state we take the hydrogen eigenfunction in parabolic 
coordinates, 1 ^ 20 


4> (€> V> 0 ) = N exp 

Mn 1 n ^ m J njnjm ^ 


-2°<€+V) (iv) 2<n x L ” i+m (ae)L n m +m (ar;) cos m<£; 


cx n » * ^2 ’ ^ 


= 0,1, 2,3, 


(14) 


The arguments of these functions are related to the Cartesian and 
polar coordinates of the bound electron through 




x - r sin 8 cos - 1~gr) cos <fi . 


y - r sin 0 sin <£ - i"£r) sin 0 , > 


( 15 ) 


z - r cos 6 - ig-T]) . 
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The quantum numbers n l$ n 2 , m are related to n by 


n i + n 2 + m - n - 1 , (16) 

so that there are three independent quantum numbers only, corresponding 
to the three degrees of freedom of the bound electron, n is the principal 
quantum number similar to spherical coordinates, while m is the absolute 
value of the magnetic quantum number defined in the latter coordinates. 

To fix the normalization constant N , we first find the element of 

n jn 2 m 

volume in parabolic coordinates. If only £ of the three orthogonal co- 
ordinates £ 9 7), is varied, the corresponding line element, with the 
help of equation (15), may be written 

ds / = dx 2 + dy 2 + dz 2 = (f^r) d £ 2 + (§|) d £ 2 + d £ 2 = ^ 4 ^ d <f 2 . 

Similarly, 


ds,* = *>’ ' dS * = eVd ^ ■ 


Therefore, 

dv = ds^ds^ds^ - 4 " ( £ + rj) d£drjd<f> . 


(17) 


N n n m ^ oun< l through an orthogonality and a recurrence formula for 
the associated Laguerre polynomials , 21 


f 


'n+m 


. f(m + n) ! 

(z)L n '? +m (z)dz = S(n, n') x 


(18) 
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zL m . 

n + i 


n 


+ 1 


(z) - (m + 2n + 1) L n m +m (z) 


- T m 

n+l+m 


(z)-(m + n ) 2 L H, . (z) . (19) 


Normalization of equation (14), with the help of the last three equations, 
gives 


N 


1 1 *' 2 11 




[ n i ! n 2 '] 


1/2 



K n i +m ) ’ 

! (n 2 +m) 

2 , 

B 

0 


1 , 

m - 0 



, 3/2 (20) 


( 21 ) 


Equation (14) can be expressed as a linear combination of the hy- 
drogenic eigenfunction in spherical polar coordinates, and the two 
representations are related through a unitary transformation. As an 
example, 0 1OO and <p 010 are the two zeroth order eigenfunctions of the 
hydrogen atom in a weak external electric field, used in the first order 
Stark effect. 

The final state in V should describe the ejected electron in the 
Coulomb field of the nucleus. Let us designate it by i//(k, r); then it 
is justified 20 ’ 22 to write 


<//( k, r) = e ikz Ur,) , ( 22 ) 

where L(t 7 ) is a function of the parabolic coordinate 17 only. Substitution 
of equation (22) in the Schrodinger equation for 0(k, r) gives 


rjL" + (l-ikT?)!/ + /3k L = 0 , /3 = • 


(23) 
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It can be verified, by direct differentiation, that a solution to the above 
differential equation is given by 


L( 


/•CD 

tj) = Ne ik7J e -u u -i ^ J 0 [2 VTuioj] du , 
•^0 


(24) 


where J 0 is the Bessel function of the zeroth order and N is the normali- 
zation constant whose value is given below and is found elsewhere 23 ' 

1/2 

1 

(25) 


„ _ 1 r 1 r ~ 1 

N 277 L 1 - expt- 277/3 )J HI- i/3) 


Equation (22) can now be written 


1/2 


If 0 V" e ikr 

r) " 2n Ll - exp(- 277 y SU H 1 - i/3) 


J n 


e"°u-^ J 0 (R) du , 


( 26 ) 


where 


R - 2 [iu (kr - k • r )] 


1/2 


(27) 


with the appropriate asymptotic form 23 


\p( k, r) ~ ( 277 )“ 3/2 e 


3/2 Q ikr 


(28) 


11 


Having fixed the initial and the final state in the matrix V, we 


proceed with its evaluation. By equation (15), 


kr - k • r - k [ r - x sin <9 k cos 0 k - y sin 6 k sin (p k - z cos 6 k ] 


= k 


. <*„ 




[£ sin 2 2 + V cos 2 y - 2 sin y cos y cos (<£ - 0 k ) 


then we can write 


R* - p 2 + a 2 - 2 per cos (0 - 0 k )J 


1/2 


(29) 


where 




yo - 2 Y~ iuk sin y /0* , 


ct - 2 y- iuk cos -g- y ?f . 


V 


(30) 


Equation ( 8 ) can now be written 


N 


V(k, K) 






1/2 


2tt 


i y 4 r( i + i/3) 



a 


^ + ^ K{0 - 77) - 2" + V 


- u 


X (^P ^ 2 L n m i+m . (of) IP +m ( a.r ) ) cos W) 
x u 1 ,s J 0 (R*) ( ^ + 17 ) du d£ d-r] d0 . 
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We first carry the integration with respect to<p. Aside from cos (iwjb) the 
only term in the integrand of equation (31) which is a function of 4> is 
J 0 (R*). By the addition theorem for the Bessel functions, 24 

OP 

Jo { **> = XI € " J " ip) J " {a) cosn (^'^k) ’ (32) 

n=0 


where e n is defined in (21), we get 


r2ir 

J 0 (R* 

•J n 


)cosm<£d<£ - 2n’J m (p) J m (cr) cos m 0 k . (33) 


It is convenient to introduce the function l|mnj n 2 JkK^ by 

i / b N 172 

v(k, K, & k , 4> k ) = 27 \J~_ e - 2 nfi) COS (m<£ k ) l(m n, n 2 |k K^ k ) ; (34) 


then, through equation (33), 


7T N n n ^ m (*(*(* 1 

I ( mn i n 2l kKl9 k) = 27TTTi^T *J I I ex P [“ 2 " (a+ ik) + + jK(f-?)) -u] 


x (^) m/2 x L^lafJ^NuV 


x Jm ( '° ) Jm <Cr) +1 ? ) dud^dl? . 


( 35 ) 


The cross section, equation (10), can be expressed in terms of 
I^mnjn 2 jk K 0 k \ by integrating over$ k , changing now to atomic units 
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by putting a Q = 1, and suppressing i for simplicity: 


2Z (2 n 


77 k Q 2 V £ r 


k 0 + ki /*+l 


k 0~ k l 1 


Ijmn^j k K 6 


k dk dK dx 


K 3 (l - 


-277 ZA\ 


Below I^mn x n 2 ) is evaluated by means of the generating functions 
of the associated Laguerre polynomials. These are 19 


V _1l 

L ^ (", 




s ) exp 


+ ml ! s 


f ' 
L i-sj 


( n i +m ) 


00 L m . ( ari ) 

— 1 n „ + m ' 


(1 -s) m+1 




(n 2 +m) 


I - t ) m exp [ 
( 1 - t ) ' 


arjt ' 

1 - t. 


If we introduce 


a ik 

p - 2 " + ~2 ’ q 


14 



in equation (35), we see that 


V ' nj n 2 

Z_J ( n X +m ) ! X ( n 2 +m ) !l ( mnin 2) = (l-s)“ + » * (l-t) m 


+ 1 


rrr r <*, 

2 T( 1 + i/8) J J J exp L -p( ^ + 7 7 - Q ( ^~ 7 ? ) ~ u_ 


x («f) 7 ) m/2 u 1 ^ x J m Ip) J m (a) + rj) du d£ dr; 


, , ttN 

1 1 n l n 2 m ,?U 

( 1 - s ) m+1 X (l - t ) m + 1 X 2 T( 1 + i/3) dp ' 


where 


U - J u^e~ u du X J J m (p) <f m/2 exp [- (p + q) - ■prj d<f 


J J m (cr) T] m/2 exp [- (p- q) - y^r] V • 


The last two integrals are given by Watson 25 in the following form: 



( az ) 


-p 2 * 2 z m+l dz 


(2 p 2)m + l eX P 



Let z - . Introducing 


(p + q) + 


as 

T^T 


Q - (p- q) + . 


a7 ?t 1 

1 - tJ 


(39) 


(40) 


(41) 


(42) 
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we obtain 


P o 


2 = ~ iku 




cr 2 - - iku cos 1 1 “oH , 






f J 


J ( p ) £ m/2 exp i - I p + q + 




d£ = 


Po exp 


P 


3171+1 


^ (' 


jj m (CT)7] m/2 exp|-[p-q+ T=t] p} d P ~ 


cr 


cr 0 m exp 


■\m+l 


J 


When equations (44) are substituted in equation (40), p 0 and a Q are 
eliminated through equations (43), and the integration is carried out 
with respect to u, we obtain 


(- ik sin 6. 


U = 


f(m + 1 + i/3) 


(FQ) 


i/3 


x 


e k e L 

,2 _ _ : i, i3 2 


PQ“ikQsin 2 ikPcos J -j- 


m+ l + i/3 


By definition of equations (42), 


dU _ dU dU 
dp " dP + dQ 


f- ik sin 6, 


T( i/3 + 1 + m) 


I PQ 


i/3-l 


0 k ^k 

PQ - ikQ sin 2 -j* - ik P cos 2 -y 


o+2 +ifi 


r t . e k \ 

/3k P 2 cos 2 *nr + Q 2 sin 2 -Ty - (m+ 1) PQ(P + Q~ ik) 


* U 



Equation (39), with some modification in equation (46), can now be 
written 


L 


s" 1 t° 2 l(mn 1 n 2 ) 
(n, + mj ! (n 2 + m j ! 


TT 


N_ 


r) l n 2 n 


X 


( i/3 - m) ! (~iksine k 

(i/6)! x V 2 


m 


X [(1- s) (1- t)PQ]"( m+3 ) X 


1- ik 



-|-(»+2+i/3) 


COS 


(1- s) 2 (l- t) : 


y8k 


(■ 


P 2 cos 2 


e. 


t + q 


2 c *;«2 

sin 


T 


■)- 


(m+ 1)PQ(P + Q - ik) 
(47) 


Expansion In Terms of s and t 

Since I|mnj n 2 ^is independent of s and t, we can regard it as the 
coefficients of expansion of the right-hand side of equation (47) in 
powers of s and t. The expansion of the right-hand side is accomplished 
by a combination of the binomial and Taylor expansions. 

Let us introduce a new complex variable a by 


a - K - ia , a* - K + ia . (48) 

In terms of the new variable (cf., equations (38, 42)), 


P 


i (a*-k)-(a-k)s 

” 2 x 1-s 


Q 


i_ (a +k) - (a* + k)t 
~2 x T=t 

(49) 
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It follows that 


/ : \-(m+3) 

[(1 - s)p]“( m+3 ) = [- ~ 2 ) [(a*-k)-(a-k)s]“( m+3 ) 


-I r 3> f t <*-0™<.-.oV- , 


[( 1 - t ) Q]“( ro+3 ) = (- 2 j [(a + k)-(a* + k)t] 


' i \ ( m+3 ) v — i /m + 2 + j 


2 (a + k)" (m+3+j2 >(a* + k) i2 t j2 


Next, we introduce 


2 sin 2 2 
a - k 


- 2 cos 2 ~~2 
a* + k 


a* - k 
a - k 


a + k 
a* +k 


then, if we set 


sin 2 

1 ~ ik p + 


~ (m+ 2+ i/3 ) 
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through equations (49, 52) we can write 


y(s, t) 


1 + k ( a o ^7 + b o F“^t) 


-(m+2+iyS) 



y^ 2 (o,o) J 2 


s t 


J T7TV 

(54) 


l l 

where on the right-hand side we have made a Taylor expansion, y 1 2 (0,0) 
representing the ^j th and the l 2 th deviratives of y(s, t) with respect 
to s and t, evaluated at s = t = 0. It is convenient to introduce two 
variables u and v given by 


1 - 


u - a 


o a,-s 


v - b 


1- t 
o b,-t 


(55) 


Then 


y(u, v) - [l + k(u + v)j ( m + 2 +*P) . (56) 

It is also convenient to introduce 


a 2 - 

a o( 1_a i) - 

b 2 = 

b 0 (l-b.) , 

(57) 

e = 

( a , - s) _1 , 

h = 

(»,-«)-■ • 

(58) 

Then, making note of the relations 




du 


dv 



ds 

a 2 B 2 - 

dt " 

b 2 h 2 , 


d 

di - e" 

= ng n+1 , 

3?h" 

= nh n+1 , 



19 


it follows that 


y 10 (s, t) 
y 20 (s, t) 
y 30 (s, t) 


a 2 g 2 y' ( u > v ) - 

a 2 2 g 4 y 2 ( u . v ) + 2 a 2 s 3 y' ( u ’ v ) . 

a 2 3 g 6 y 3 ( u > v) + 6 a 2 g 5 y 2 (u, v) + 6 a 2 g 4 y' (u, v) , 


where y v (u t v) is the v th derivative of y(u, v) with respect to the 
arguments u or v. Inspection of the above equations shows that we 
can write in general 


l 

y^°(s, t) = C ( v - a 2 y V ( u - v > ’ (59) 


with C(v, / t) some undetermined constants. The C(v, -£) are found by 
differentiating equation (59) with respect to s: 

4+1 

y^+1,0 ( g) t) = + 

V=1 


4 

J2 [(^ + v)C(v, 4)a 2 *'g etl+ *V 

V=1 


+ C(v, 4) a 2 v+1 g e+24v y v+1 ] . 
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( 60 ) 


Comparison of the coefficients of a 2 v g^ +1+v y u shows that 

C(v, + 1) = (■£■ + v) C(v, -£) + C(v - 1, . 

Equation (60) gives the required recursion formula for C(v, -t). In- 
spection of the first few derivatives of y(s, t) shows that C(v, *£) = 0 
when v - 0 or v >^ r This condition, the fact that C(l, 1) = 1, and 
equation (60) allow all the values of C(v, ■i') to be determined. The 
values of C(V, for the first few values of -£ are given in Table I. 
Let us now write 


'Lo 

y (s, t) 


- ^i) a 2 1 ‘y Vl ( u - v ) 

v,=l 


By analogy we have similarly 


y 0 ^ 2 (s, t) = 2^ C K’ l 2 ) h 2 * (u, v) 






2=1 
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For the combined derivative of y(s, t) we then obtain 


W 2 

y (s, t) 






rri *t 2 


4 , 


■ Z 


o ~ v i 

_/ o \ v t o a 

c (*v *») a 2 g ~ y( u > v > 


v f 1 


<9u dt 




- Z 


Vj=i 


/ „ \ v, / ti+» , i <9 1 *c, 

c {*v ^i) a 2 g ~t: y (s. t) 

a u 1 


*i 






C(„,, -t.) g' 1 '" 1 x 2] C h. (u, V) 


v r 1 


v 2 = 1 


By introducing 


C(0, 0) = 1 , 


and the fact that C(0, -C) = 0 for "C ^ 0, the above equation may be 
written 


y 1 2 (s, t) = ^ C (^l> ^l) C { v 2 ’ ^ 2 ) a 2 X b 2 2 g 1 1 h 2 2 y 1 2 (u, v) 

1/1=0 1^2 ~ 0 

(61) 

This equation is also valid when^j - = 0 • By equation (56), 


.. (i/3 + m+l+z; 1 +y 0 )! . 

y‘ J (u.v) = -Ti^i), 21 (-kf-x [itKu.,)]-(»-*^) 
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Through this equation and equations (55, 58) we obtain 




( 0 , 0 ) 



(i/3 + m + 1 + J'j + ) ’• + 

p+'m' + l) ! ("k) 1 2 


x a. 





(i J 6 + m + 2+ v 1 +v 2 ) 


The useful form of this equation is obtained when a Q , a 2 , a 2 , b Q , b x , b 2 
are eliminated through equations (57, 52), and by putting cos = x 
(cf., equation (11)). The result is 


y 2 (o, 0) 




v — i V — i 


(i/3 + m + 1 + J'j + 


2__, 2_, c ( v »’ /t i) c ( v 2 t ^ 2 ) * — (i/0 + m + 1) ! x ( k ) 


V V 2 


Vj = 0 V 2 = 0 


(a-a*)* 1 ^ 2 x [(a* - k) (a + k)] 


x (a-k/ 1 


V 1 , * , 

x (a* - k) 


x (a+k) ^ 2 Vl ^ x (a*+k)^ 2 V2 x (1-x) 2 (l+x) 2 


-(m+ 2 +Vj +v 2 ) 

x [aa* + k 2 - kx(a + a*)] (62) 


This completes the expansion of equation (53). 
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Finally, for the last s, t dependent term in equation (47), through 
equation (49) it follows that 


( 6 k 

l2 Q\* 1 — 4- c i n 2 — — - 


(1 - s ) 2 (1 - t ) 2 /Skip 2 cos 2 ~2 + Q 2 sin 2 -j) - (m + 1) PQ(P + Q - ik) 


1 9 k 

~ "4 /3k cos 2 ~2 [(a* - k) - (a-k)s] 2 (l~t ) 2 
1 0 k 

~ fi k sin 2 "^"[(a+k) - (a*+k)t] 2 (l~s ) 2 

- \ a(m + 1 ) [(a* - k) - (a-k.)s][(a+k) - (a*+k)t](l~st) . 


L L v, *' 


Ml =0 M 2 =0 


where it is desirable to find the coefficients A . To accomplish this, 

H- j ^2 

we introduce two angles and 4> 2 such that 


- tan_1 irnc - ^ 


k + K 


0 < 4>. , <P 7 < TT 
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In this way we get 


2] = -?/Skcos 2 ^(a*-k) 2 [l-e 2i ^s] 2 (l-t)2 

MiM 2 


- 4 / 3 k sin 2 ”2” (a + k) 2 [l - e 2 *^ 2 t] 2 (1 - s) 2 

- "4 a(m+l)(a*-k)(a+k)[l-e 2l ^ 1 sj[l-e 21 ^ 2 t] (1 - st) 


2 2 


-^/ 3 kcos 2 2 (a*~k) 2 ^ (-) M,+ '* 2 ( M 2 J( /i 2 J e 2 ^ 1 s '" 1 t '" 2 


Mi=° m 2 =0 


2 2 




=° M 2 =0 


1 

4 


a(m + l)(a*-k)(a+k) 



[l-S( Ml , 2 )][!-S(m 2 , 2 )] (-f 1 ^ 2 


x e 2i(M 1 fl!> 1 +M 2 </> 2 ) t ^ 2 


2 2 

2 ^ 0 )] [ 1 - S ( m 2 , 0)](-) Ml+M2 

Mj =0 m 2 =0 


2i [( Mj -1 )^>1 +( m 2 -x )] 4> 2 


x e 


.**1 
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By equating the coefficients of s t , we obtain 






(a* 


-k) 2 e 2iyi cos 2 -T + (a + k) 2 e 2iM ^ 2 si 


\ a(m + 1 ) (-) Ml + ^ 2 (a* _ k) (a + k) S( Ml ^ , 22) e 2l(Ml ** + ^ 2 * 2 } 


xV 2i [(^1 -1 )<^1 + (m 2 -1 )</> 2 ]"| 

- §(>! /X 2 , 00) e J , 


(65) 


where we have defined 


S (.a x /U. 2 , n x n 2 J - 1 - X l-8^ 2 ,n 2 jJ 


( 66 ) 


When x = cos & k is introduced and we set 


Mi M 2 


\ M2 + xC Mi m 2 ’ 


(67) 


we obtain, since /3k - Z , 


B 


Mi M 2 


e 3 ‘-*' + (a + ^ e^] 


-7(n.M)(-f^^ a .-k)(a t k)[s(M 1 ^.22)-S(M 1 M r 00)e' 21( *'**’ ) ]e ! ‘ ( '%Y !) 



Returning to equation (47) and referring to equations (50, 51, 53, 
54, 63), we can write finally 



x (a + k) ( m+3+ i 2 ) x (a* + k)* 2 x pt, il -1 y^ 1 ^ 2 (0, 0) A xs^'^'^xt^ 2 ^ ^ 

(70) 

l(mnj n 2 ) is found by equating coefficients of equal powers of s and t 

't ' t 

on both sides of this equation, and substituting the values of y 1 2 (0, 0) 
and from equations (62, 67): 


( mn i n 2 ) 


= _ — / 4 \ m + 3 


(4)“ +3 (n, 


+ m )! (n 2 + "»)! N n 


1 2 


( i/3 + m) ! 

(i/5)! x 


( t) ( 1_x2 ) 


m/2 


v — 1 r / m + 2 + j j\ / m + 2 + j 2 \ 

x [(a* -k) (a + k)]^ -1 2_, [W] _1 ( IT” )( V 2 ) 




j I'f'l 
i 2^2 ^2 


J2^2 


(f^k) x (frir) x [ B K m 2 ) + xC (^i M*.)] 

^ (i^ + m+ 1 +v 2 +v 2 )! 

2 ^ C (^1 • ^ 1 ) c (^2’ ^ 2 ) x ( i/3 + m + 1) ! x ( k > X (2ia) 


Vi+V 2 


Vj =0 v 2 =0 


x (f^ f (l-x)"'a + x)-^[aa.*^-kx(a + a.)]-<-* 2 *-^ > , 

(71) 
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where the summation over j > and J2^2^2 * s su ^j ec ^ to the 
conditions 


ii + ^1 + ^1 - n i - 

j 2 + ^2 + ^2 = n 2 ' 

Let us designate the set of integers j x v Y /Lij j 2 -t 2 v 2 /j. 2 by y, 

7 = (Ji^ i Mi i 2 ^ 2 ^2^2) > (73) 

and introduce the angle </> 3 through 

^3 = tan 1 r 2 + ~ a 2 ~ - k 2 • 0 < 4> 3 < tt . (74) 

Taking note of /3 = Z/k and' equations (48, 64), the l(mn 1 n 2 ^ — neglecting 

an arbitrary phase factor — reduces to 



I ( mn i n 2 ) - (2) m + 5 7r( ni +m)! (n 2 + m) ! (iZ + (m + 1) k)' 1 


(K 2 + a 2 + k 2 ) 2 - 4k 2 K 2 J 1/2 e~^3 ^ ' G(y) H(y) , (75) 


G(y) = 


^m+2+jjN /m + 2 + j ( 






m+l+VjV 2 

/7 ( iZ + cok) 

L & = 1 


(Hi) x (f*r|) ex P 2i [(j 1 +^ x ) 4> x + (j 2 +-^ 2 )0 2 ] - 

(76) 
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( 77 ) 


H(y) - (1 -x 2 )”/ 2 (1 -x) Vl (1 +x) V2 /x 2 ) + xC( Ml /x 2 )l 

x [aa* + k 2 - kx(a + a*)] 1 . 

Substitution of equation (75) in equation (36) and elimination of N n n ^ m 
through equation (20) give 


^(nraiji^) 


8 2m+4 


tt 2 8 (2a) 


k 2 

K o 


nj!n 2 ! /• kmax 

x (n 1+ m )!(n 2+ m)! J k>0 


k dk 


o [z 2 + (m + 1 ) 2 k 2 ] [l - e‘ wz/k ] 


r k o +k i e ~ 22 

Jk„-k, K 3 [ (a 2 + K 2 + 


- 2M » /k dK 


-k, K 3 [(a2 +K 2 +k 2 ) 2 -4k 2 K 2 ] 


x S(k, K) , 


(78) 


where 


S(k, K) 



G(y)H(y) 


2 


dx 


G(y) G*(y ' ) 



H(y)H*(y')dx 


(79) 


The integration over x can be carried out by ordinary methods. Let 
us call the integral with respect to x, <&(yy ' ) ; then, through binomial 
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expansions, 


<£(yy' ) 


r 

I H(y) H*(y ) dx 



V t +V f 

(1-x) 1 1 


(1 +x) 


v 2 + v 2 


X fi 2 j +xC^/x 1 /x 2 ^J [B*(/V M 2 ') 


+ xC* ^Mi' Mo jl (A + Bx) e dx 


Z>"(;)££ B(f, /*,) c( Ml /*,)* b.^,' M) c *k 


nij - 0 


t =0 t =0 


V 1* V 1 V 2 +V 2 


L L <-^XT^ r*-(*^)-** . 


h^O h 2 =0 


•'-l 


(80) 


where we have expressed 


A - aa* + 


K 2 + a 2 + k 2 , B 


~k( a + a* ) 


-2kK , 


2(m + 2) + v x + + Vj' + v 2> M - 2mj + t + t ' + hj + h 2 


(81) 


The integral with respect to x in equation (80) is evaluated in Appendix 
I and is designated by J(M, g). For future reference the key equations 
in ionization are listed below. 


Summary of the Equations 

Suppose the initial state of the atom with a nucleus of charge Z 
be specified by nmnj n 2 , the magnitude of the momentum of the ionizing 
electron before collision by k 0 , the magnitude of the momentum transfer 
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by K, and the magnitude of the momentum of the ejected electron 
by k; the total ionization cross section is then given by 


Q( 


nmn- n. 


r k max 

5 J 

J k = 0 


q ^ratirij 


n, k ) k dk 


(SI) 


q (nmrij n 2 | k) 


7T2 7 (2a) 2m + 4 


n l ! n 2 


k 0 2 (nj +m)» (n 2 +m)! [z 2 + (m + l) 2 k 2 ] [ 1 - . 


I 


V k i 


e' 2 ”‘ / ‘ dK 


k 0 -kj K 3 [(a 2 + K 2 + k 2 ) 2 - 4k 2 K 2 ] 


x S(k, K) 
(S2) 


where 


S(k 


. K) = G(y) G*(y ' ) <&(y, y') 


y y 


In this equation y stands for 8 integers, 




which combine according to 


(S3) 


(S4) 


jj + l x + ijl 1 - n„ ; j|, - 0, 1, 2, 3, 

/ a , = 0 , 1 , 2 ; v x = 0 , 1 , 2 , •••, l x ; 


j 2 + - n 2 ; 


Mo " 0, 1, 2 ; 


v r 


j 2 , l 2 = 0, 1, 2, 3, 

- 0 , 1 , 2 , * * * , 


• ~\ 


(S5) 




2nZ/V 
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The explicit forms of G(y) and A(y, 7') are 


/m + 2 + j A /m + 2 + j A . , 

G(r) = ( j, )( ia j (-t 1 U a !)' 1 C(, i e i )C(, 2 ^)( 2 iaA 


m+X +v 1 +v 2 


77 (iZ + a;k) 


a>= 1 


(inn;) (frrr) ex P 2i [(i, + <i)^, + (i 2 + ^)^,(S6) 


A(r/> = £]<-)■■(;,) 


m = 0 


7 7 b 1 _t c ‘ b* ‘r 1 , c* *< < 

L - 1 4 -< ^ lM2 ^ M 2 M 2 M 2 

t =0 t =0 


V V 1 l/ 2 + V 2 


V v 1 h. ( v \ + v i \ ( v 2 + v i\ 

L L ( -> l », j( hj )««.«> ■ 


(s 7 ) 


h x = 0 h 2 =0 


J(M, g) being given in Appendix I. 

The parameters a, cp , <p <p a 9 C(v y 'i) , B„ „ , and C . . are 

a ^ J ^1^2 H'\r' 2 

defined in the text. 

We recognize q^nmn 1 n 2 |kj as the ionization cross section per unit 
rydberg energy of the ejected electron. 


Symmetry Considerations 

Equation (31) shows that, when £ , rj ; K, -K ; n x , n 2 ; and sin “y, cos -y 
are interchanged, V(k, K) remains invariant. Since £ and V are the 
variables of integrations, the interchange of £ and rj does not change 
V(k, K) in any case. By putting cos 6 y ~ x , this means that V(k, K) does 
not change under the following interchanges 


K Z -K , 


n. 


n 0 


x 


-X . 
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We consider the integral 


I” I V(k, K, n) | 2 dx , 

•'-l 

which is the form that appears in the expression for the cross section. 
The integrand can be written as the sum of odd and even functions of x. 
The integral with respect to the odd function is zero. The integral 
with respect to the even function does not change when x Z _ x. Then 
the above integral is invariant under the interchanges K Z ~K, n x Z n 2 . 
Or, by equation (10), the interchange of the quantum numbers n x andn 2 
is equivalent to the change of sign of K in the expression for the in- 
tegrand with respect to k and K of the cross section. Formally, through 
equation (78) this can be written 

S(n 2 ni |kK) = S(n x n 2 |k~K) . 

A further symmetry exists with respect to k . By equation (35), 

n 2 | -k-K0 k ) = I*(mnj n 2 |kK0 k ) . 

Through equations (75, 79) it also is true that 

S(nj n 2 | -k-K) = S(n x n 2 |kK) - 

Combining with the previous result, it follows that 

S(n 2 n 1 |k,K) = S(n 1 n 2 |k, -K) = S^n^-k, K) . (82) 
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A case of particular interest is the ionization with zero momentum 
ejected electron, k = 0; this corresponds to the excitation of the 
hydrogen atom to the state n-°°. Equation (S2) shows that this cross 
section does not change with the interchange of n x and n 2 : 

q^nmn 2 n 1 |oj = q^nmn 1 n 2 |oj . (83) 

Multiplicity of States and the Total Cross Section 
Since n x + n 2 = n - m - 1 , n x can take the values 0, 1 , 2, • * • , n - m - 1 ; 
or n -m values. The same is true of n 2 . Then the total number of 
combinations of n x and n 2 for a given n and m isn-m. The average 
value of cross section for a given n and m is therefore 


Q(nm) 


(n - m) 1 


Q(nmn 1 n 2 ) 

n l n 2 


(84) 


For a given n the total number of states with different m is 2n - 1. 
The average cross section for a given n is therefore 


Q(n) 


( 2n - 1 


n ~ 1 

>-£ 

m = n 


e mQ( nm > * 


(85) 


e m defined in equation (21). Notice that the total number of states for a 
given n is 

n - 1 


N 


- ^ [2-8(m, 0)](n-m) - n+2 n(n-l)~ 2 '(n-l) 


n‘ 


m - 0 


as it should be. 


34 



III. RESULTS AND DISCUSSION 


We have calculated, using Eqs. (78, 79), the ionization of all sub- 
levels of hydrogen belonging to the principal quantum numbers n = 1,2, 
3, 4, 5. We also have computed the ionization of one sublevel for each of 
the principal quantum numbers n = 6, 7, 8, 9, 10. Since the ionization 
cross section of all sublevels of any principal quantum number is ap- 
proximately the same in parabolic coordinates, the latter calculation 
gives an indication of the ionization cross section of n = 6, 7, 8, 9, 10 . 
Thus we have at our disposal the ionization cross section of the first 10 
levels of the hydrogen. 

To test the accuracy of our results we have compared them with 
those of the spherical coordinates. For the ground state, the wave 
function in the two coordinates is the same. Table I compares the re- 
sults in the two coordinates. The ionization cross section in spherical 
coordinates was first calculated by Massey and Mohr 2 . Here it has 
been recalculated. The agreement between the results of the two coor- 
dinates is excellent. 

The results of n = 2 levels, again in both coordinates, are given 
in Table II. For m = 1 the wave function in both coordinates is the 
same. The agreement is shown in this table and Fig. 1. For m = 0 the 
wave function of hydrogen in parabolic coordinates is related to the 
wave function in spherical coordinates through 
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0(20 10 ) 


- -^=- [0(2s) + 0(2pO)] 

0(20 01) = [0(2s) -0(2pO)] . 




> 


( 86 ) 




These are incidently the wave functions used in the first order Stark 
effect. Substitution of these as the initial wave functions in Eqs. (8, 10) 
shows that we must have 

Q(20 10) + Q( 20 0 1 ) = Q(2s) + Q(2p0) , (87) 

Q(nmn x n 2 ) being the ionization cross section of the state specified by 
nmnj n 2 . Table II shows that the above equation is numerically satis- 
fied; this is further shown in Fig. Z. 

Originally the ionization of the 2s and the 2p > m = 0 states was for- 
mulated by Burhop3 and computed numerically by Swan 6 . Swan’s results 
are larger approximately by a factor of Z due to being unduly multiplied 
by a factor of Z and being obtained by a cruder method of numerical 
integration. Boyd 26 , and McCrea and McKirgan 27 in determination 
of the ionization with zero velocity ejected electrons of the 2s and the 
2p , m = 0 states find similar discrepancies. 

At the moment, aside from the Born approximation, the most im- 
portant calculation of ionization with applicability to higher states is the 
classical calculation. J. J. Thomson 1 in !9!2, foilowing his model of 
atoms with stationary electrons, considered the collision of a moving 
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electron with an electron at rest caused by their mutual coulomb inter- 
action. When the energy imparted to the electron at rest exceeds its 
bound energy, the ionization takes place. Since the imparted energy 
decreases as the impact parameter increases, an integration with re- 
spect to the impact parameter between zero and a fixed limit gives the 
ionization cross section. The result is 


.1 

E„ 


(" 2 ‘ *o) ’ 


( 88 ) 


where Q. is the cross section in units of rra * , E 0 the impact energy in 
rydberg, and n is the principal quantum number of the atom. The 
result of this simple classical calculation is in fair agreement with 
experiment and the elaborate quantum mechanical Born calculation, 
although it gives a smaller cross section and the position of the maxi- 
mum cross section is displaced. A major improvement in Thomson's 
calculation is to take the motion of the bound electron into account. 
This has been done by Gryzinski 28 . Let us introduce a = (n 2 E 0 ) -1 , 
then according to Gryzinski Eq. (88) should be replaced by 

Qi = a 0 n 4 g(n, E 0 ) , 


(89) 


where cr 0 - 4. 0307 7ra 0 2 and 


g(n, E 0 ) = a( 1 + a)‘ 


3/2 


(f _2a ) ’ 


1 

a <1 


, 3/2 1 

3 — ( 1 ~ a) 3/2 , a > 


(90) 


It should be noticed that in both Eqs. (88, 89) the cross section falls off 
asymptotically as E 0 -1 while in quantum mechanical Born calculation 
the corresponding asymptotic form is logE 0 /E 0 29 • 
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For comparison, in Fig. 3 the Born, classical and experimental 
curves are drawn. It is seen that close to the threshold the experimental 
curve agrees better with the classical but asymptotically it favors the 
quantum mechanical calculations. 

The ionization of the n = 3, 4, 5 levels are given in Tables III, IV 
and V. Table VI gives the ionization of the sublevel with the greatest 
magnetic quantum number for each of the levels n = 6, 7, 8, 9, and 10. 

Fig. 4 corresponds to the ionization of the n ~ 2 while Fig. 5 gives the 
ionization cross sections of all sublevels of the n - 3. Figs. 6, 7, 8 
give the ionization curves for the levels n = 3, 4, 5 • The cross section 
for each level is in units of n 4 77a 0 2 , which is the geometrical cross 
section of the level concerned. Along each level ionization curve the 
classical curve is also drawn for comparison. Fig. 9 gives the ionization 
of one component of each of the levels n - 6, 7, 8, 9, 10. It is interesting 
to note that with increasing n, the cross section does not increase as 
rapidly as the fourth power of n. 

Table VII gives the partial ionization cross section, i.e., ionization 
cross section per unit rydberg energy of the ejected electron, for the 
five levels n = 1, 2, 3, 4, 5. Finally Figs. 10-14 give the corresponding 
curves for these cross sections. The maxima of the partial cross 
sections occur when the velocity of the ejected electron is half its velocity 
before ejection. The reason for this is not understood yet. 

With regard to numerical integration, when the number of values of 
J given by Eq. (73) is small, the closed form has been used while the inte- 
gral form has been more convenient when the number of values ofyis 
large. 
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APPENDIX I 


Integration with Respect to x 


Let us set 


J(M, g) = x M ( A + Bx ) “ g dx , 

*' -i 


M - 2mj + t + t ' + hj + h 2 , g - 2(m + 2) + + v 2 + + v 2 ' , 


A = K 2 + a 2 + k 2 , 


B = -2kK . 


Introducing X = A+Bx, we obtain 


f A+B M 

J (M, g) = + (X-A) M X" g dX = B~< M+1 > Y 1 (“) (-A) s 

* A ~ B T^o * A ~ B 


r A + B 

x M ~ s 

J A 


r 


* B— £ (?) J 

s=0 


N [(A + B) n - (A-B) n ] , N / 0 


, A + B 

1° A - B ’ N - 0 , 


N - M-s-g+1. 


(Al) 


When k-0 , an alternative form can be found. Noticing that 


<a + a<r « = *-■(>♦*)'■ = *-■ £ ( b_ s + s ) (-t)" 


B dX 
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Table I. Cross sections in units of 77 a£ for the ionization of the 
hydrogen atom in n = 1 level by electron collision, calculated in the 
Born approximation. Q(ls) is the calculated cross section employing 
the spherical coordinates while Q(1000) is the same cross section 
employing the parabolic coordinate. 


Impact Energy 

Q(1000) 

Q(ls) 

ryd 

Efl 

1.00 

na 

0.0 

0.0 

1.44 

19.6 

0.57555 

0.57502 

1.96 

26.7 

1.0016 

0.99797 

2.00 

27.2 

1.0168 


2.56 

34.8 

1.1691 

1.1691 

3.24 

44.1 

1.1931 

1.1931 

4.00 

54.4 

1.1449 

1.1449 

6.25 

85.0 

0.93696 

0.93660 

9.00 

122.4 

0.74243 

0.74244 

12.25 

166.6 

0.59375 

0.59367 

16.00 

217.6 

0.48282 

0.48283 

20.25 

275.4 

0.39959 

0.39959 

































Table II. Cross sections in units of tr a 2 for the ionization of the hydrogen atom in n = 2 level 
by electron collision, calculated in the Born approximation. Q(2s), Q(2p,m=0) and Q(2p, m = 1), 
with m the absolute value of the magnetic quantum number, are the calculated cross sections for 
the sublevels of n = 2 in spherical coordinates. Q(n m njn 2 ) are the calculated cross sections 
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Table IV. Cross sections in units of rr for the ionization of the hydrogen atom in n = 4 level 
by electron collision, calculated in the Born approximation and employing the parabolic coordinates. 
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Table VI. Cross sections in units of tt a 2 Q for the ionization of the 
hydrogen atom in n = 6,7,8,9,10 levels by electron collision, calculated 
in the Born approximation and employing the parabolic coordinates. 

For each level, the component with the greatest magnetic quantum 
number is computed. Since in parabolic coordinates all components of 
a given level have approximately equal values, the following table gives 
an indication of the cross section of the level considered. 




















































Table VII. Ionization cross sections of hydrogen in n = 1, 2, 3, 4, 5 
levels by electron collision per unit energy range of the ejected electron. 
k 2 is the energy of the incident electron and k 2 is the energy of the 
ejected electron, both in rydberg units. The elements of each matrix 
are the averaged partial cross sections in units of tt a 2 /ryd. 











































































Table VII (continued) 
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Fig. 2. Ionization cros s section of the hydrogen in the 2s and the 2p, m = 0 states. 
Theoretically the sum of the cross sections is spherical coordinates, Q(2s) 
+ Q(2p,m =0), should be equal to the same sum in parabolic coordinates, Q(2010) 
+ QC2001). 




nJ 

• 

u 

a> 

•H 

4-> 

> 

<u 

f-i 

u 

d 

0 

o 

a> 


s 

aJ 

0) 

C 

jd 

Q) 

H 

£ 


»*H 



a 

<D 

a) 

Ph 

00 

X 

0 

a) 

u 

* 

>> 

•1-1 

,*d 


a> 

Td 

A 

a> 

4-> 


<*h 

aJ 

o 

& 

a) 

£ 

+-> 

nj 

0 

(J 



00 

V 

Td 

u 

a 

aJ 

s» 


o 

i— 1 

* 


00 

CJ 


•H 

a> 

00 


00 

+-> 

(tJ 


r-t 

m 

u 

O 




<d 

d 

O 

•i“l 

nj 

+-» 

G 

N 

M 

•»H 

O 

a 

PQ 

o 


HH 



00 

• 

<u 

CO 

> 


u 

ob 

d 

•iH 

u 






INCIDENT ELECTRON ENERGY (eV) 






Fig. 6. Ionization of the hydrogen in the n = 3 level. 
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Fig. 8. Ionization of the hydrogen in the n = 5 level. 






Fig. 10. Ionization cross section of the hydrogen in the n = 1 level per unit velocity range of the 
ejected electron. Vj is velocity of the electron before ejection, i.e., the averaged velocity of the 
electron in the ground state of the hydrogen atom. 
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Fig. 12. Ionization cross section of the hydrogen in the n = 3 level per unit velocity range of the 
ejected electron. V 3 is the averaged velocity of the electron in the n = 3 level of the hydrogen. 
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Fig. 14. Ionization cross section of the hydrogen in the n = 5 level per unit velocity range of the 
ejected electron. V 5 is the averaged velocity of the electron in the n = 5 level of the hydrogen. 




